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Abstract—A semi-infinite solid of blackbody material is separated into slabs by periodically spaced in-
infinitely deep cavities bounded by plane parallel walls. The solid material is brought to uniform initial
temperature and subsequently is allowed to cool by conduction in the interior and by radiation at the
surfaces. The temperature history of the solid with cavities was calculated numerically. Similar calculations
were performed to obtain the rate of cooling of the same material without cavities. Comparison is made
between the apparent brightness temperatures measured at a great distance by a thermal radiation detector
with a resolving power insufficient to discriminate between a smooth surface and one with cavities. It is
shown that over a wide range of aspect angles the solid with cavities may have a higher apparent tempera-
ture even when the top surfaces of the slabs are cooler than the surface of a homogeneous solid. Phenomena
such as the one described may be useful in the interpretation of measurements of infrared radiation from
the lunar surface.

NOMENCLATURE

c, specific heat;

d, dimensionless depth at which tempera-
ture is sensibly constant for ¢ < 10;

H,  average dimensionless rate of heat flow
per unit area at site of thermal detector,
per unit area of surface y = 0;

K, thermal conductivity;

r, dimensionless distance to detector;

s, dimensionless width of slab;

t, dimensionless time;

T, dimensionless temperature ;

T,,  apparent brightness temperature, de-
fined by equations (6) and (7);

T, initial temperature ;

w, dimensionless width of cavity;

x,y, dimensionless coordinates in directions
parallel to top and side surfaces of solid
(cavity wall), respectively.

Greek symbols

o, mass density;

o, Stefan—-Boltzmann constant ;

?, angle between normal to top surface

of solid and principal axis of thermal
detector response pattern.
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INTRODUCTION

THERMAL radiation from cavities and enclosures
in a semi-infinite solid has long been a problem
of practical importance. In recent years several
significant developments have been reported in
the literature (see, for example, references [1-4]).
Reviews of cavity radiation studies have been
published by several workers, including Wil-
liams [S] and Viskanta and Grosh [6]. An ex-
tensive bibliography is to be found in the latter
survey. :

Nearly all discussions of thermal radiation
from cavities assume that the solid material
bounding the enclosure emits and reflects radia-
tion in a perfectly diffuse manner ; exceptions are
studies by DeVos and Edwards, as described by
Williams [5]. Furthermore, it is usually assumed
that a steady state prevails; either the walls of
the cavities are maintained at a known constant
temperature or a steady heat flux is specified.
So far as the author is aware. time-dependent
problems in cavity radiation theory have not yet
been considered. The purpose of this paper is to
discuss the transient temperature of a semi-
infinite solid, containing cavities, which radiates
into a zero temperature medium. Since the
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principal objective of this study was to describe
the general characteristics of the phenomenon,
the analytic complexity was minimized by
considering only periodically spaced cavities
bounded by plane parallel walls and by assum-
ing the solid to be composed of perfectly ab-
sorbing material.

The solid cools by both radiation and con-
duction and its temperature history was calcu-
lated numerically, assuming a uniform starting
temperature. Of particular interest is the tem-
perature variation along the top of the solid and
along the walls of the cavities at various stages
of cooling. Comparison was made with the
transient surface temperature of a radiating solid
without cavities. This latter problem has already
been discussed by several workers, including
Jaeger [7], Abarbanel [8], and Lick [9] As
expected, it was found that a solid with in-
finitely deep rectangular cavities eventually loses
heat energy more rapidly than one with a homo-
geneous surface. On the other hand, the differen-
tial cooling rate depends both upon the extent
> of solid material between the walls and upon
the width w of the cavity itself. Moreover, the
average wall temperature, over distances of one
or two w from the edge, can remain considerably
higher than the average temperature of the top
surface over significant intervals of time. Hence,
if such a configuration were viewed from above
at a great distance with a thermal detector in-
capable of resolving the declivities, the apparent
temperature would, for some period of time,
exceed that of a solid without cavities.

Finally, it may be pointed out that the solution
of problems of this nature may be of some value
in interpreting anomalous transient thermal
radiation phenomena associated with a surface
containing declivities such as that of the Moon
(see, for example, Saari and Shorthill [10]).*

* Subsequent to the submission of the present paper. a
similar observation has been made by J. A. Bastin [13] who
suggests that preferential lunar surface roughness, such as
declivities on a centimeter scale, may account for thermal
anomalies found by Saari and Shorthill in infrared eclipse
observations.

STATEMENT OF THE PROBLEM

Consider a semi-infinite solid of perfectly
absorbing material, separated into slabs of width
s, bounded at the sides by plane parallel walls
separated by distance w (see Fig. 1). The medium
external to the solid is taken to be free space.

Detector

Fi6. 1. Geometry of the problem of
transient cooling of a semi-infinite
solid with parallel-walled cavities.

The parameters which characterize the material
are thermal conductivity K, mass density p, and
specific heat ¢. For negative values of time the
solid is maintained at a uniform temperature T,
by an appropriate distribution of heat sources.
At time equal to zero the sources are suddenly
turned off and the material cools by conduction
in the interior and by radiation from the surfaces
in accordance with the Stefan-Boltzmann Law.

Since a comparison is to be made between the
transient temperatures of solids with and without
cavities, it is convenient to nondimensionalize
in a manner appropriate to the homogeneous
semi-infinite solid problem. Thus, the tempera-
ture T is measured in units of T, distances in
unitsof K/(aT?),and time tinunitsof Kpc/(a T7)?,
where ¢ is the Stefan—Boltzmann constant.

As a consequence of the assumption that the
cavities are spaced periodically, the temperature
history of only a single solid need be calculated.
1f s and w are now the nondimensional widths of
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the solids and the cavities, respectively, then the
boundary value problem consists of solving the
heat conduction equation

*T

éx?

3T 6T
t oy = 1

I M
inthe domain (0 € x < 5;0 < y < w)fort 2 0,
subject to the initial condition

T(x,y.0) = 1. )

Clearly, all of the thermal energy radiated from
the top surface of the solid is permanently lost
from the system, so that the radiation boundary
condition at the top surface takes the form

T*aty = 0. (3)

cy

However, when considering the heat flux from
a point on a cavity wall, we note that only those
photons which reach the space y < 0 are per-
manently lost; the remainder are absorbed by
and reemitted from the opposite wall. Thus, the
solids adjacent to the one under consideration
provide radiative heat inputat x = 0and x = s.
The appropriate conditions on the sides are
easily derived when the assumption is made that
the solid is composed of blackbody material (so
that the reflectivity is zero and the emissivity is
unity); the final results read

T ‘
‘:. =T* — f T*0, y', 1) K(y, y') dy’
X

0

atx =0 (4a)

and
T .
LIS T - J T4, ¥, ) K(y, y) dy’
ox
0
atx = s, (4b)
where 4
Ky, y) = 3w [y — y)* + w?]7¥2% (4o)
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Due to the complexity of the boundary con-
ditions the problem was solved numerically. For
the purpose of calculation a depth d was estab-
lished* for the slab at which the departure of the
temperature from unity was less than a prescribed
amount over the maximum time interval of the
calculation (t = 10). Assuming an appropriate
d, equation (1), together with equations (2), (3)
and (4) was solved numerically on an SRU 1107.
The boundary conditions given above and the
approximate condition T = 1| at y = d were
expressed as explicit difference equations, modi-
fied in a fashion described by Carslaw and
Jaeger [ I1]. Theequations for T at interior points
were solved simultaneously with the boundary
equations using the alternating-direction im-
plicit method described by Peaceman and Rach-
ford Jr. [12].

The transient temperature along the top of the
solid and along the cavity walls is of special
interest. For example, suppose the radiative
heat flux from a semi-infinite blackbody solid
containing cavities such as those described were
measured from a great distance by a thermal
detector which views a small solid angle. Con-
sider the case in which the cavities are perpendicu-
lar to the plane determined by the principal axis
of the detector response pattern and the normal
projection of the axis on the top surface of the
solid. Denote the angle between the normal to
to the top surface of the solid and the principal
axis of the detector response pattern by ¢ and
denote by r the distance along the principal
axis between the detector and the surface. At
aspect angle ¢ the detector views a region R
of the top surface of the solid. Suppose that the
distance r is much greater than the largest di-
mension of R and further suppose that R is large
enough to include a great many cavities.
Subject to these restrictions, it is possible to
define an average rate of heat flow H per unit
area at the location of the detector, per unit area
of the surface y = 0, measured in units of

* The effective depth was actually determined by a se-
quence of systematic trial calculations.
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(cTH3/(KT)? by the approximate relation
H(¢, t) ~ (mr?)"Y(s + w)~ ' {cos ¢

5

[ T%x,0,1)dx + sin ¢
0

w cot ¢

[ THO.y.0d5) (9

On the other hand, if the radiating medium were
assumed to be a uniform blackbody solid, then
an apparent brightness temperature T, could be
inferred from a measure of the heat flux H in
accordance with

H(p,t) ~ (nr®)™! T# cos ¢. (6)

Consequently, the brightness temperature T,
obtained by equating (5) and (6),

Ty={ts +w) ' [ (j)" T*x. 0, 1) dx

w cot

¢
+tang [ THO,y.t)dy]}"* (D)
1]

is the temperature which would be attributed to
the medium from a measure of H if the presence
of the cavities were not detected by some other
means. Numerical studies described in the next
section suggest that if cracks and declivities are,
in fact, present in an apparently homogeneous
solid, attempts to infer thermal properties from
the transient behavior of H can be seriously in
error. Such a situation could prevail in the in-
terpretation of measurements of infrared radia-
tion from the lunar surface.

NUMERICAL RESULTS

When the radiating semi-infinite solid problem
is nondimensionalized in the manner described
earlier, then a single calculation is sufficient to
obtain the temperature variation in any material
with constant thermal properties and a uniform
starting temperature. Radiative cooling of a
solid with the cavity configuration in this study
is essentially a two parameter problem. More-
over, the numerical solution of the problem for
each pair of parameters (w, s) is an undertaking
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of considerable magnitude. Therefore, only a few
representative calculations were performed. The
cases chosen for study correspond to the pairs
(w, ) = (1, 10), (1, 5), (2, 10) and (2, 5). Although
the numerical value of the temperature at any
given point at time ¢ depends upon both the
cavity width w and the slab width s, certain
general features of the thermal histories were
similar in all four cases.

Figures 2 and 3 show the variation of the true
temperature at several times along the top
surface and along the cavity wall for the case
w = 2 and s = 5. One rather interesting charac-
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Fi1G. 2. Variation of temperature along the top sur-
face of the solid at several times for the case w = 2,
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FiG. 3. Vaniation of temperature along a cavity wall at
several times for the case w = 2, s = 5.
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teristic of the cooling phenomenon is evident
in Fig. 2 (this feature appeared in the other
cases as well). The temperature gradient in the
x-direction near the corners of the solid reverses
sign as time increases. Moreover, as can be seen
from Fig. 3, the magnitude of the temperature
gradient ip the y-direction always exceeds the
gradient in the x-direction in the region of the
corner. From these two observations we con-
clude that the corner regions always undergo a
net loss of heat energy (as do the other areas of
the surface) and that the loss by radiation from
the top portion of the surface is dominant. The
reversal of the sign of the temperature gradient
in the x-direction comes about as the result of an
interchange in the relative importance of heat
energy loss by radiation from the surface and
gain of heat energy as a consequence of incoming
radiation from the opposite cavity wall. For t
somewhat less than unity, the loss from out-
going radiation exceeds the gain from incoming
radiation; at later times, when the temperature
gradients are less steep, the opposite situation
prevails.

Another feature of the phenomenon which
appeared in all the configurations studied was
the relatively small deviation of the temperature
along the top surface from its average value at
each instant of time (up to t = 10). In each case,
moreover, the average temperature of the top
surface of the solid at time ¢ differed from that of
a solid without cavities at the same time ¢ by
only a few per cent over the time interval of the
calculation. During the initial stages of cooling,
the top surface of the solid is generally at a
higher temperature than that of a semi-infinite
solid. At later times, however, the surface tem-
perature of the solid with cavities falls below that
of the uniform solid. For the configurations
studied here, the cross-over usually occurred at
some time between t = 1 and ¢t = 10.

Figure 4 depicts the variation of apparent
brightness temperature with time when the
several surfaces are viewed from above at a great
distance with a thermal detector with poor reso-
lution characteristics. In each case the apparent
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F1G. 4. Transient behavior of apparent brightness tempera-
ture at aspect angle ¢ = 0°.

brightness temperature is somewhat higher than
that of the uniform solid. Moreover, the disparity
is significant over a wide range of aspect angles,
as shown in Fig. 5 for the casew = 1and s = 5.

In conclusion, the present results appear to
indicate that the existence of cracks and declivi-
ties in an otherwise uniform solid can be of im-
portance in determining the apparent surface
temperature over periods of time long in com-
parison with the characteristic time of the homo-
geneous solid. Consequently, interpretive un-
certainties may arise when declivities exist in a
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FiG. 5. Variation of apparent brightness tempera-
ture with aspect angle at several times for the case
w=15=35.



532 D. F. WINTER

surface, but their presence is not known to an
observer using a thermal detector at great dis-
tance from the surface. If the observer assumes
the surface to be homogeneous, then values of
the thermal properties of the material which are
inferred from the measured transient surface
brightness temperature may differ considerably
from the true values.
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Résumé—Un solide semi-infini se comportant comme un corps noir est divisé en tranches par des cavités
infiniment profondes, espacées périodiquement et limitées par des parois planes paralléles. On porte le
matériau solide 4 une température initiale uniforme et on le laisse ensuite se refroidir par conduction
interne et par rayonnement. L'évolution de la température du solide avec ses cavités a été calculée numéri-
quement. Des calculs similaires ont été conduits afin d’obtenir la vitesse de refroidissement du méme
matériau sans cavités. On a compar¢ les températures apparentes de brillance mesurées 4 grande distance
4 l'aide d’un radiomeétre avec une résolution insuffisante pour distinguer entre une surface lisse et une
surface comportant des cavités. On montre que dans une gamme étendue d’angles solides, le solide avec
cavités peut avoir une température apparente plus élevée méme lorsque les surfaces supérieures des
tranches sont plus froides que la surface d'un solide homogene. Des phénoménes tels que celui qui vient
d'étre décrit peuvent étre utiles pour interpréter Jes mesures du rayonnement infrarouge a partir de la
surface lunaire.

Zusammenfassung—Fin fester, halbunendlicher schwarzer Korper ist von gleichmassig angeordneten
unendlich tiefen Hohlriumen, die von ebenen parallelen Winden begrenzt werden, in Streifen unterteilt.
Der Festkorper wird auf gleichmissige Anfangstemperaturen gebracht und kiihlt sich anschliessend durch
Leitung im Inneren und Strahlung an den Oberflichen ab. Der Temperaturverlauf des Korpers mit
Hohlrdumen wurde numerisch berechnet. Ahnliche Rechnungen werden durchgefiihrt, um die Abkiih-
lungsgeschwindigkeit des gleichen Materials ohne Hohlrdume festzustellen. Ein Vergleich fiir die scheinbare
Helligkeirstemperatur in grosser Entfernung wurde angestellt, wobei ein Temperaturstrahlungsdetektor
verwendet wurde. dessen Auflosungsvermégen fiir eine Unterscheidung zwischen glatter Oberflache und
einen mit Hohlrdumen nicht ausreichte. Es wird gezeigt, dass in einem weiten Bereich von Einfallswinkeln
der Kérper mit Hohlrdumen eine héhere scheinbare Temperatur jaben kann, selbst mit kilteren Ober-
flichentemperaturen der Streifen als die Oberfliche des homogenen Festkorpers. Phdnomene wie das
hier beschriebene kénnen bei der Auswertung von Messungen der Infrarotstrahlung von der Mondober-
fliche von Nutzen sein.

Annoranua—IlosxyorpanyieHHoe TBepHOe YePHOE TeJ0 Pa3fesieHO HA IUIMTH NepHOXMYEeCKH
uepefyOIUMICH 0(eCKOHEYHO TUIyOOKUMH IIOJIOCTAMM, OTDAHHMYEHHBIMH ILIOCKUMHM Ta-
pannenbHEMHM cTeHKamu. TBepawit MaTepman HarpeBaeTCA 10 OJHOPOAHONH HadYambHON
TeMIIEpaTypPhl, & IOTOM OCTHIBAET B Pe3yIbTaTe IPOBOJMMOCTH BHYTPH MaTepHaJa M PAgHanmi
Ha ero nopepxHoctax. [IpoBelleH YUCIIEHHHI pacueT M3MEHeHMA TeMIEepaTypH TBePIOTO
TEJa ¢ MTOJIOCTAMM, 4 TAKKe aHAJOTHYHBIe PACYeTHl C leJdbI0 ONpefeIeHuA CKOPOCTH OXJa-
HKIEHUA TOro e marepmnaia Ge3 mosocteit. BHITOIHEHO CPABHEHME KAMYUIMXCA APKOCTHHIX
TEMIIePATYD, M3MEepPEeHHHX HA GOJBIIOM DACCTOAHMH C IOMOHIBIO [@TEeKTOpa TEeII0BOIO
H3NyYeHMA, PaspeIlalIiad CIoCOGHOCT KOTOPOro HeJOCTATOYHO BelMKA, YTOOH pasinyarb
rIaJKY10 [TOBEPXHOCTL OT MOBEPXHOCTH ¢ mosoctsamMu. IlokasaHo, 4ro B 6OIbIIOM TManasoHe
yraos 0630pa TBepHOe TeJIO ¢ MONOCTAMU MOKeT UMeTh Gojlee BHICOKNE KamyUiuecs TeMImepa-
TYpPHI, AaMe KOrga BePXHHe MOBEPXHOCTH IUIAT XOJIOZHee NOBEPXHOCTH OJHOPOIHOIO TBep-
moro Tesna. fIBnenus, nmogoGHBIe ONMMCAHHBIM, MCHOJB3YIOTCA A O0BACHEHHMA H3MepeHul
HH@PAKPACHOI'0 UBIYYEHHUS C IIOBEPXHOCTU JIYHEHI.



